Thermodynamics of fluids as a physical domain
In this domain the concept of fluid goes far beyond the common sense of the word. Thus, among the fluids in the sense of thermodynamics we quote: ordinary fluids (water, air), oil, mud, blood, bitumen, maionesis, flour, wet argil, suspensions, sets of grains, sets of stars, cars in a traffic, people on the crowded street, honey.
There are materials with partial fluid properties, e.g. elastoviscoplastic materials.
In various circumstances, the same piece of matter can be one type of material or other. For instance, the air at velocity smaller than 1/3 of the sound velocity is incompressible. Beyond this limit it is compressible. Water at various temperatures has different material properties: solid, viscoplastic material, fluid, vapors, rarefied gas.
While (classical) fluid dynamics is still entitled to deal with the motion of ordinary fluids in usual conditions, the study of nonstandard fluids and of materials with partial fluid properties moving in nonstandard conditions is to be the concern of thermodynamics of fluids. In both these domains large classes of fluid flows are studied. Here are the most important classes of fluids with the corresponding models.
Large classes of fluids
Corresponding models ideal (i.e. incompressible and inviscid) incompressible Euler incompressible and viscous incompressible Navier-Stokes compressible and inviscid compressible Euler compressible and viscous plus temperature influence Navier-Stokes-Fourier
All the four models are studied by fluid dynamics but the last two have no theoretical basis in the fluid dynamics framework.
In fluid dynamics the derivation of the mathematical models governing the fluid flows is brief. In exchange, the methods to solve the involved equations and a lot of particular solutions are extensively presented. On the contrary, in thermodynamics of fluids the attention is focused on the derivation of models. This is natural because there are only a few situations when those equations can be solved exactly. By a mathematical model we understand a set of equations the solutions of which are subject to some constraints (e.g. boundary conditions). Further we show the important facts to take into account when constructing such a model.
The definition of materials must take into account characteristics of dynamics, kinematics and conditions in which the phenomena in them occur (e.g. temperature field).
Flows (motions) can be found in three regimes: laminar, transitional (last stage of which is the deterministic chaos), turbulent.
Applications of fluid dynamics can be encountered in: aviation, naval industry, meteorology, hydrology, astrophysics, car industry, chemical industry, food industry, to name only the most important. Fluid mechanics belongs to physics because its laws are physical. Every physical science has two related domains:
-statistical physics, based on discrete models (e.g. kinetic theory of gases) -thermodynamics, based on continuous models (e.g. thermodynamics of fluids). Fluid dynamics is studied by physicists, mathematicians and engineers from various points of view. We related them by means of mathematical models for fluid, motion and for various quantities used in physical experiments.
Mathematical studies of fluids flows are: quantitative, namely theoretical, numerical (CFD = Computational Fluid Dynamics) and qualitative, e.g. stability, bifurcation, asymptotic behavior.
umerical studies used are of various level of abstraction: numerical analysis (belongs to nonlinear functional analysis), numerical codes (used in important applications), experimental (simulation) computation (which can lead to great discoveries, e.g. fractals, but which, in general, have no mathematical relevance).
In thermodynamics the geometric model of the material is a continuum. Mathematical continuum is a closed connected set with respect to a given topology. It is called a body.
Physical continua are mathematical continua endowed with specific quantities expressed by sufficiently smooth functions, up to sets of null Lebesgue measure: mechanical (v, ρ Mathematical models are so numerous in fluid mechanics as well as in thermodynamics of fluids, such that the courses in differential equations and operator theories can be presented by using them. onlinearity in models is of three kinds: geometrical (small displacements); physical (of constitutive relations), mathematical (in equations, e.g. nonlinear advective terms , u u u T ⋅∇ ⋅∇ ; sometimes they are called the convective or transport terms).
Geometric and physical characterization of a material point are given by: x (position), ρ (inertia characteristic); p (spin in materials with microstructure, e.g. Cosserat materials, as dipols)); supplementary microscopic characteristics are used for micropolar fluids.
Fluid particle is a volume c V (limit of continuum) such that for smaller volumes the averaged fluid flow characteristics are random, while for V larger than c V they are smooth almost
everywhere.
The models which have to take into account this huge variety of requirements have a corresponding degree of generality. Thus mathematical models result from: physical laws; constitutive relations and state equations; initial and boundary conditions; other constraints.
Balance equations 2.1 Three geometrical descriptions of position (and the body configurations)
Here we introduce the functions of time and space, referred to as fields, and present some of their descriptions, derivatives and types.
Field is a function ( , ) f t x . It may be scalar, vectorial, tensorial.
There are the three descriptions Eulerian description of fields: ( , f t x ) , where x is a geometric point, t is the actual, i.e. present, time.
Lagrangean (or material) description follows the material point which at 0, t = in a reference frame S had the position 0 x , and it is ( , ). x . By definition the velocity field is f f f f grad f dt t x t x t x t t
The field f is expressed in E coordinates, otherwise we cannot apply to it the operator
convective derivative, or the derivative along trajectories.
The field 0 ( , ) t = X x x is referred to as a motion of 0
x (fixed, chosen) while the image in R 3 of this function of t is the trajectory of 0 x . The velocity field can be also denoted by v . The total derivative expresses the fact that f is convected by the material continuum in its motion with the velocity u along the trajectories. We also say that the continuum in its motion transports f with velocity u. The E description is appropriate to experiments "in situ". In E description, (
is used to study materials with memory and nonlocal deformations.
We mention the most important types of fields.
Stationary (steady) field ( ) f x , i.e. it does not depend explicitely on time, or equivalently, is the same at every time.
n-dimensional field:
Transport theorems
They are identities expressing the time derivatives of integrals which are defined over moving domains. They generalize the following Leibnitz-Newton formula ( ) 
where u is the velocity field; k k dx ds τ = ; τ is the unit vector tangent to ( ); C t s is the arc along ( ) C t ; and n is the unit vector normal to ( ) S t .
Proof of Leibnitz-Newton formula
Alternative proof
The proof of the other transport theorems use as basic fact the transformation of the integral over a moving domain into an integral over a fixed domain, the last integral commuting with the time derivative. Then formulae from tensor analysis are used. At the end the obtained integrals over fixed domains are transformed into integrals over moving domains.
Flux-divergence formula
We recall this well-know theorem
It is valid for sufficiently "good" ∂Ω .
Continuity formula
In the simplest case this theorem reads
The physical laws connect quantities characterizing parts of a material and not a point in it. This means that in its first stage a mathematical model is not expressed in terms of fields but in terms of the so-called global quantities. The three theorems from Sections 2.2 -2.4 permit just to pass from the global to the local form.
Local and global quantities
We introduce the local and global quantities and comment the relationships between them. Local quantities are fields, i.e. functions of t and x ,
Global quantities are functions of t and the arbitrary set '
. Ω ⊂ Ω Local and global quantities are alternative descriptions since ' Ω can shrink around x as much as possible. We define Ω = domain of motion, ∂Ω = frontier (or boundary) of Ω . Then
For the sake of brevity we write ' Ω even for '( ). t Ω Relationship between global and local quantities reads:
In the most general case when a global quantity 1 G has singularities along a surface s and a curve C moving independently of the material motion then the general form of 1 G is
where [ ] g g g
= − is the jump across ( ) s t . 1 u , 2 u , n' and n" are the velocity fields and the outwards normal vectors on s in the domains '+ Ω and '− Ω , respectively [14] .
Representation formula for G is:
The role of inertia throughout physics is materialized by the occurrence of ρ . Let .
Then g is called the specific G and g ρ the density of G . Here G is a scalar, a vector or a tensor.
Physically, we characterize the fluid motion by means of global quantities. In well-determined conditions, there exist some fields in terms of which the global quantities can be expressed. These conditions are given by
Radon-ikodym (R-) theorem. If the global quantity mass is a countably additive, σ -finite and absolutely continuous function with respect to a measure µ , then there exists a
where A is a σ − algebra on R 3 and µ is the Lebesgue measure.
If G is not continuous but it is absolutely continuous as required by the R-N theorem, then 1 , G G g α α = + ∑ where g α are functions defined at some singularities.
Other two global quantities are Momentum:
Stress:
where T is the stress tensor.
This representation does not follow from R-N theorem but from the Cauchy hypotesis that T depends on a single geometric characteristic of the surface, namely the normal n. The corresponding continuum is referred to as the Cauchy medium.
Other global quantities of interest in thermodynamics foundation are:
where F is the effort = specific force;
Balance equations
These are the matematical expression of the most general balance law: the rate of change of a global quantity G is equal to, i.e. is balanced by, the sum of the flux
, '
If 0, G P = the balance law is called the conservation law.
The integral form of a balance law is called the integral balance equation. It is obtained by replacing the expression of the global quantities
into the above balance laws, i.e.
It is expressed as an equality of integrals of the corresponding fields.
The differential form of a balance law is called the local balance equation and it follows from the above balance equation by using: the transport theorems (in order to introduce d dt under the integral sign), the flux-divergence theorem (in order to transform the surface integrals into volume integrals) and the continuity theorem (enabling us to equate to zero the integrand, due to arbitrarity of ' Ω ). Thus, the local balance equation are the following partial differential equations for every local scalar quantity g
.
For vector global quantities we have
We present a table with a few global quantities and the related local quantities. Global quantity Density Flux density Production density Supply density
If electrical phenomena are present we must consider, in addition, the electric charge. We do not take into account electromagnetic phenomena, radiation (r) and chemical reactions.
Neither, we consider mixtures involving the concentration field. Also our scheme is not appropriate to sedimentation, when production of mass is present. For a more general situation the reader is kindly send to [14] .
The corresponding local balance equations (some of them are conservation equations) read, for
They are called: the continuity, first Cauchy, second Cauchy, spin, angular momentum of momentum, kinetic energy, internal energy, total internal energy and entropy equation, respectively.
In equations (1)- (9) we took into account only mechanical and thermal effects, therefore they are appropriate to a thermomechanical phenomenon.
Equation (5) is obtained summing (3) and (4). Equation (8) is derived from (6) and (7) . Equation (9) is not influencing equations (1)- (8) . It follows that the independent balance equations, where equation (1) is taken into account, are
If the spin is absent, i.e. we do not take into account the micropolarity, i.e.
. From (4) it follows that ij ji T T = (the stress tensor is symmetric). Then Sometimes all conservation equations (1), (10), (12) and the balance equation (13) The global electric charge is
hence it is the general form of a global quantity, with 0.
C g = In this case the mechanical momentum law and mechanical energy law are not conservation equations.
They read
The underlined terms are productions. In exchange, if we define the momentum of matter (more precisely, substance) and field (i.e. matter which is not in the form of a substance) as 
then, for these global quantities the balance laws are conservation laws, namely [14] '( )
In the five equations (1), (10), (12) there occur the unknown functions , , , , , ρ ε u T q i.e. 13 unknown scalar functions. To have a closed system of equations we must choose five basic unknown functions; the remained ones must be expressed in terms of the basic quantities. On the other hand, physically, we must supply the equations of motion with information about the physical continuum, other than that contained in the definition of the stress. This information is contained in the constitutive equations and the state equations, involving the main characteristics of deformable media, namely the deformations.
All integrals in the above were defined with respect to the Lebesgue measure. This is why the obtained models are valid for Lebesgue measurable domains of motion. As a consequence, fractal domains or domains with fractal boundaries, are not appropriately modeled in our framework.
Laws of material 3.1 Viscosity
The characteristics of motions are constrained to satisfy in addition the relations of definition of the material, i.e. the constitutive equations, which express the response of the medium to the excitation. The constitutive equations distinguish between various continuous media.
The viscosity, the most important characteristic for fluids, evidentiates the position of fluid mechanics versus the mechanics of rigids, thermomechanics and statistical mechanics. The force of dry friction of sliding or rolling occurs at the surface of contact of two bodies which have a relative motion and is produced by the reciprocal action of the small irregularities (roughness) of the surface and opposes to the motion. It is The proportionality coefficients s µ and r µ depend on: ∇v ( v is the relative velocity of two bodies), roughness of the contact surface, the normal forces and their motion along normal n, the deformation of the contact surface, molecular attraction of the points in contact, the wear produced by the plastic deformation of the contact surface.
In mechanics of rigid bodies (14) represents material (constitutive) laws, which define the rigid material.
The tangential force emerging at the surface of fluid layers in their motion and which opposes to this motion is the internal friction force, or the viscosity force, or the wet force. It is a result of the relative motion of microparticles (deformation of fluid bodies), due to external forces. It exists only for fluid flow, not for fluids at rest. The viscosity is the physical property of deformable bodies, to oppose resistance to their deformation, giving rise to tangential stress. It is characteristic also to media other than fluids.
The material fluids have as a specific feature their response to excitation when they are at rest: a material is a fluid if at rest it does not oppose any resistance to the change of its form. It follows that at rest the (tangential) shear stresses are null; this represents the IV Stokes postulate (Section 3.2).
The corresponding coefficients are called the coefficients of viscosity. The first measurement of such a coefficient was carried out by Newton (see the figure) : the upper boundary of the fluid is moving with a constant velocity . This relation is found experimentally and is given by tables or graphs. For ordinary liquids, µ is almost independent of , p but fast decreasing withT . For ordinary gases, µ increases with T and increases very slow (but more than for liquids) with . p
Usually we take µ = const. at ν µ ρ = The Newton law is the first constitutive equation for (viscous) fluids. It is linear. In fact, in their earlier formulation, the main constitutive equations were linear (e.g. Fick, Fourier), because they were inspired by the experiments, where there was the proportionality between two physical quantities.
Newtonian and nonNewtonian fluids
In this section, a few particular fluids are defined. T does not depend explicitly on x (i.e. homogeneity); iii. in R 3 there are no privileged directions (isotropy);
ewtonian fluid is characterized by the fact that the viscous tensor A is defined in Section 3.3, * ( , , ) t s x x is the position at t s − of the particle which at t t = is at x ), second degree fluids. In fluid with memory it is used the relative description.
Constitutive relations (or equations)
In Sections 3.1, 3.2 a few particular classes of fluids were defined by specific laws of material. Here we present more general fluids. x The memory occurs due to s and the nonlocality of deformations, due to the space derivatives of the basic fields T X, , ρ .
The fluid defined only by D has an infinitesimal memory, while if the constitutive law contains in addition some other Rivlin-Ericksen tensors, it has a better memory. It contains local effects if its constitutive law contains only first order space derivatives of X and nonlocal, otherwise.
Let us now define mathematically the deformations, in order to put into evidence these tensors, beginning with
Local and global deformations. In order to write the constitutive equations we define the tensors characterizing the deformation. They are space derivative of the displacement and velocity field. For local deformations we have
where J is the deformation tensor,
is the Jacobian of the transformation 
u, where W is the tensor of velocities of rotation, and ω is the vortex (rotor, tourbillion). The third relation shows that locally, around a point x, the velocity field in a deformable medium is the sum
⋅ is the velocity of deformation and d × ω x is the instantaneous rotation of angular velocity . ω The local deformations depend on the infinitesimal time dt. For deformations depending on a longer time, the above expressions are completed with the contribution due to higher order terms in etc.
L A A L are the Rivlin-Ericksen tensors. In particular 
, ,
where χ stands for X from the previous sections and t over the quantities indicates the actual time. Let us fiind simpler forms of (21) The equation of entropic state must be also written if we want to determine even the entropy. In the electromagnetic case or for micropolar fluids some extra equations of state must be written too.
In general, ( , ), ( , ), ( , ) p t p t p t ε ρ η etc. are given by experiments. However, they and the transport coefficients must obey the entropy and thermodynamic stability principle, inducing some restrictions on them.
Summarizing, for incompressible Navier-Stokes fluids (25) -(27) become
and introducing (28) in (1), (10) we obtain the incompressible avier-Stokes equations These models become stationary if u does not depend explicitely on t . The avier-Stokes-Fourier model is obtained similarly by replacing (25) -(27) into (1), (10)- (13) . In this case, in general, the energy equation cannot be decoupled. In addition, boundary conditions for the temperature must be specified. They depend on the thermal conductivity of ∂Ω or if ∂Ω is kept at a constant temperature.
Boussinesq model is obtained from the Navier-Stokes-Fourier model by formally supposing that ρ is constant except for in F . The compressible avier-Stokes and Euler models follow from the Navier-Stokes-Fourier model in the case when the temperature occurs no longer in the equations of motion, e.g. when γ and µ are constant and ( ). 
Models of asymptotic approximation for the incompressible Navier-Stokes model
Apart for the main models (Navier-Stokes and Navier-Stokes-Fourier) a lot of other important models in fluid dynamics are deduced from them as models of asymptotic approximation. We present a few of them in [7] . Incompressible stationary Navier-Stokes model is approximated as the Reinolds number Re 0 → by two linear models (in ( , , ) u v w u = and ∞ u -U , with ∞ U the velocity infinitely far, respectively):
This approximation is valid far from the body.
A model is linear, if written as 0, T = v when the operator T is linear and v is the vector function the components of which are the unknown functions. In our case ( , ) .
The nondimensionalization as Re 0 → uses the
The first approximation of the incompressible NavierStokes model as Re → ∞ , where In the boundary layer the underlined terms are the highest order terms. Indeed, near ∂Ω the orders of the terms in the Navier-Stokes equations are These Euler and Prandtl models were respectively obtained by using the following asymptotic expansions which take into account the quoted hypotheses [7] We remark that in the Prandtl model we disregarded the hat over the quantities. We took into account that the characteristic forces are of the order of magnitude of their leading (i.e. first) terms. In the Euler model they are different from those in the Prandtl model. In the given main Navier -Stokes model some terms were of the magnitude 0 ⋅ ∞ , such that the numerical computatios were not possible.
In the equations of a model of asymptotic approximation all terms are of the same order of magnitude, rendering the numerical computations feasible. This justifies the derivation of a lot of models of asymptotic approximation from the main models in fluid dynamics. 
